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Abstract
Kubo’s canonical correlation function describes the static response of a
system in equilibrium to infinitesimal local perturbations. We investigate its
relation with the (ordinary) equilibrium correlation functions at a positive
temperature. We show that many natural spatial decay properties of the
ordinary correlation lead to comparable properties of the canonical correla-
tion. The method we use is highly adaptable for other physical scenarios
not considered in this paper.
1 Introduction
In theoretical studies of quantum many-body systems in thermodynamic equilib-
rium, correlations between two local observables are of of central importance. It
is especially informative to look at the decay rate of the correlation between two
observables as their spatial distance grows to infinity. In linear response theory,
there is another important concept called Kubo’s canonical correlation [1]. It
describes equilibrium response of a system to an infinitesimal local perturbation.
The canonical correlation and the ordinary correlation converge to the same func-
tion in the classical limit. This is evidence for a deeper relation between them in
quantum systems.
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In this paper, we investigate how various natural spatial decay behaviors of
the ordinary correlation inform us about the decay of the canonical correlation in
the same system. We establish a strong connection of the two in general systems
assuming certain approximate locality property. Systems with such a property
(which we describe in details) are ubiquitous in nature. Important examples
include all relativistic models and non-relativistic lattice models satisfying the
Lieb-Robinson bound.
Acknowledgements: I would like to express my gratitude towards Anton Ka-
pustin for suggesting the problem and for his invaluable guidance and support. I
also thank Nathaniel Sagman, Tamir Hemo and Alexandre Perozim de Faveri for
some interesting discussions.
2 Main Result
We consider a quantum system defined on a space Γ with a metric d. Γ can
be discrete or continuous. For (finite or compact) regions X,Y ⊂ Γ, we let
d(X,Y ) = minx∈X,y∈Y d(x, y) and diam(X) = maxx,y∈X d(x, y). Associated to a
(finite or compact) X ⊂ Γ is an operator algebra AX of observables supported on
X such that if X ⊂ Y ⊂ Γ, AX is naturally a subalgebra of AY . For example, AX
could be the algebra of bounded operators on a Hilbert space. Then we can take
the direct limit Aloc over all such algebras. Any observable A ∈ Aloc belongs to
some AX . Such observables are called locally supported or local. The support of
A is supp A =
⋂
AX∋A
X. Then complete Aloc with respect to its operator norm
to get a C∗-algebra A. A reference for the details of such a construction is [5].
A has the meaning of the total algebra of observables in the system. Adopting
the Heisenberg picture of quantum mechanics, we define dynamics directly on the
algebra A through automorphisms. In particular we have
τ : R→ Aut(A),
a strongly continuous one-parameter group of C∗-algebra automorphisms. In this
paper, we assume τ is extended analytically to C. An implicit assumption we
have about the dynamics is that all interactions are local. This is best illustrated
through an example.
In a quantum lattice model with local interaction, Γ is a discrete (infinite) set
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of vertices with a metric d. Each x ∈ Γ comes with a Hilbert space Hx of a fixed
finite dimension. For a finite set X ⊂ Γ, let HX =
⊗
x∈X Hx be the associated
Hilbert space and AX = B(HX) be its algebra of bounded operators (matrices).
Then the above process gives us a C∗-algebra A. The dynamics of the system is
generated by some local interaction Φ.
An interaction Φ is a mapping that takes any finite X ⊂ Γ to a self-adjoint
element Φ(X) ∈ AX . For any finite Λ ∈ Γ, the finite volume Hamiltonian is
defined as
HΛ =
∑
X∈Λ
Φ(X). (1)
Under some boundedness condition on the interaction, we are able to extend this
into a infinite lattice local Hamiltonian H which gives us the dynamics. The
details can also be found in [5].
When working with the algebra of observables (instead of the Hilbert space
of pure states), a state φ : A −→ C is a positive linear functional of norm 1, or
equivalently φ is bounded with ‖φ‖ = φ(1) = 1. This immediately implies that for
any observable A ∈ A, we have a bound |φ(A)| ≤ ‖A‖ .
A state is said to satisfy the Kubo-Martin-Schwinger (KMS) condition if for
any A,B ∈ A z ∈ C,
φ(Aτz+iβ(B)) = φ(τz(B)A). (2)
The KMS condition is an algebraic characterization of a state in equilibrium at
temperature T = 1/β (see [6] for more details).
The ordinary correlation and the canonical correlation are respectively
〈A,B〉φ = φ(AB) − φ(A)φ(B) (3)
and
〈〈A;B〉〉φ =
1
β
∫ β
0
φ(τ−ib(A)B)db − φ(A)φ(B). (4)
In this paper we are mainly concerned with the decay of these functions as the
spatial distance of the observables A and B goes to infinity. However, there are
many ways to characterize such a decay.
In a translationally-invariantmodel, one can consider a correlation between two
specific observables as one of them gets translated away in some arbitrary direction
towards infinity. Here we simplify the notation by making all translations implicit.
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Therefore, A and B are understood to be translations of some fixed observables
A0 and B0 so that the spatial distance between their supports is l. Then we study
correlation as a function of l. We would like to prove an estimate on the canonical
correlation of the form
|〈〈A;B〉〉φ| ≤ C(A0, B0) ‖A0‖ ‖B0‖ g(l), (5)
for some function g(l), referred to as the decay rate, such that g(l)→ 0 as l →∞.
Naively, one would hope to deduce such an estimate from a similar decay of
the ordinary correlation 〈A,B〉φ for the same observables A and B. This turns
out to be too optimistic. Instead, we assume a decay condition on the ordinary
correlation which involves time translations as well:
|〈A, τt(B)〉φ| ≤ C(A0, B0) ‖A0‖ ‖B0‖ g(l − v|t|/µ). (6)
Here µ and v are some positive constants. This condition is particularly natural
in relativistic quantum field theory.
Theorem 1. Given a system equipped with translation and satisfying the ap-
proximate locality (defined in the next section), a KMS state φ at temperature
T = 1/β > 0 that satisfy (6) with a decay rate g(l) for some observables A,B
also satisfy (5) with a decay rate g′(l) for the same observables. Moreover, if g(l)
decays subexponentially, then g′(l) = g(l). Otherwise, g′(l) decays exponentially
with l.
Remark. This theorem shows a space-time decay of the ordinary correlation
necessarily implies a spatial decay of the canonical correlation of two specific
observable. In particular, this result does not involve any observables other than
A0, B0 and their translates. The decay rate g remains the same in (5) and (6),
but the optimal constant C(A0, B0) can be different. Nevertheless, if we do not
care whether C(A0, B0) is optimal, we could assume they are the same.
The above result is valid even if the constant C(A0, B0) varies wildly as one
changes A0, B0. If one assumes some uniformity in A0, B0, one can deduce es-
timates of the form (5) using only the spatial decay of equal-time correlations.
Such uniformity assumptions are also necessary if one wants to deal with systems
without translational invariance, where observables at different locations are not
related.
4
There are many possible versions of uniform decay. We list a few such bounds
that have appeared in the literature in the context of lattice models and state the
results in these cases. Similar results could hold for the other versions as well with
minimal adaptations to the proof.
We assume for simplicity that the supports of A and B are non-overlapping
balls. The most straightforward condition on ordinary correlations is
|〈A,B〉φ| ≤ C ‖A‖ ‖B‖ g(l), (7)
where l is the distance between the supports of A and B while C is an absolute
constant for all A,B.
More generally the pre-factor in the bound could depend on supp A and supp
B, but not any other characteristics of A and B. For example, Refs. [9] and
[10] show that for a gapped ground states of lattice systems with short-range
interactions, the ordinary correlations satisfies
|〈A,B〉φ| ≤ Cmin{∂ΦX, ∂ΦY } ‖A‖ ‖B‖ g(l), (8)
where C is an absolute constant for all A and B, X,Y are supports of A,B
respectively, and the function g(l) decays exponentially as l increases. Here ∂ΦX
is some numerical characteristic of X whose precise definition is not important
here, except that it grows as X grows. We can make the same decay assumption
at a positive temperature, but with an arbitrary monotonically decreasing function
g(l). The important thing is that the pre-factor in the bound depends only on the
observable with the smaller support.
Theorem 2. For a lattice model in a KMS state φ with temperature T = 1/β > 0
and satisfying the assumptions of the Lieb-Robinson bound (stated in the next
section), if the ordinary correlation satisfies either (7) or (8), the canonical cor-
relation satisfies the similar bounds
|〈A,B〉φ| ≤ C ‖A‖ ‖B‖min{|X |, |Y |}g
′(l) (9)
and
|〈A,B〉φ| ≤ Cmin{∂ΦX, ∂ΦY } ‖A‖ ‖B‖min{|X |, |Y |}g
′(l), (10)
respectively. Moreover, if g(l) decays subexponentially, then g′(l) = g(l). Other-
wise, g′(l) decays exponentially with l.
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Finally the pre-factor in eq. (7) may grow with the supports of both observ-
ables but not too rapidly. For example, it was shown in [7] that for ground states
of gapped lattice systems with short-range interactions the ordinary correlation
satisfies
|〈A,B〉φ| ≤ C|X ||Y | ‖A‖ ‖B‖ g(l), (11)
where C is an absolute constant for all A and B, |X | denotes the volume of X , and
the function g(l) decays faster than any power of l if the interactions decay rapidly
enough. We may assume the same decay property at a positive temperature, with
a general monotonically decreasing function g. While we are not able to show that
the canonical correlation decays at the same rate, we have the following weaker
result.
Theorem 3. For a lattice model in a KMS state φ with temperature T = 1/β > 0
and satisfying the assumptions of the Lieb-Robinson bound (stated in the next sec-
tion), if the ordinary correlation satisfies the bound (11) with a function g(l) which
decays faster than any power of l (resp. exponentially), the canonical correlation
satisfies the similar bound,
|〈A,B〉φ| ≤ C|X ||Y | ‖A‖ ‖B‖min{|X |, |Y |}g(l) (12)
with g′(l) also decays faster than any power of l (resp. exponentially).
In particular, these results assure us that if all ordinary correlations decay
exponentially with distance (the situation which occurs when all continuous sym-
metries are unbroken and the system is away from a phase transition), then linear
response also decays exponentially with distance. This is often taken for granted
in the literature.
3 Approximate Locality
Locality in a system is characterized by a finite propagation speed of information.
In general non-relativistic systems do not possess locality, however, many models
are local up to an exponentially small error.
To make such a condition precise, we view propagation of information through
the growth of the support of τt(A), for a local observable A supported on X ⊂ Γ.
Then we define approximate locally as follows:
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Definition. In a system defined as above, let A ∈ AX . We say the system pos-
sesses approximate locality if for any r > 0, t ∈ R, there exists Ar(t) an operator
supported on the Br(X) = {y ∈ Γ : d(y,X) < r}, such that
‖τt(A)−A
r(t)‖ ≤ CA|X |e
−2µr(ev|t| − 1), (13)
where µ, v are positive absolute constants and CA is independent of r and t. Notice
that at t = 0, Ar(0) = A.
Remark. Given A ∈ AX , B ∈ AY with l = d(X,Y ) > 0, we can take r = l/2
and deduce from approximate locality the following:
‖[A, τt(B)]‖ ≤ ‖[A, τt(B)−B
r(t)]‖ ≤ 2 ‖A‖ ‖τt(B)−B
r(t)‖ = 2CB ‖A‖ e
−µl(ev|t| − 1).
(14)
In the first step, we used the fact [A,Br(t)] for r = l/2. Therefore, when l is large
relatively to v|t|/µ, A and τt(B) commutes up to exponentially small error.
In relativistic field theory, the condition above holds without any error terms.
However, approximate locality holds even for large classes of non-relativistict lat-
tice models. This is first observed by Lieb and Robinson in [2] and subsequently
improved by others.
Theorem 4 (Lieb-Robinson). In a lattice system defined on Γ, assume the inter-
action Φ is such that for all x ∈ Γ, the following holds:
∑
Z∋x
‖Φ(Z)‖ |Z|exp(µdiam(Z)) ≤ v/2 <∞, (15)
for some positive constants µ and v. Let A,B be operators supported on sets X,Y ,
respectively. Then, if l = d(X,Y ) > 0,
‖[A, τt(B)]‖ ≤ 2 ‖A‖ ‖B‖ |X |e
−µl(ev|t| − 1). (16)
Indeed, given A ∈ AX , define
Ar(t) =
∫
dUUτt(A)U
†. (17)
The integral is over unitaries supported on each site of Γ\Br(X) with respect to the
Haar measure. Clearly, ‖Ar(t)‖ ≤ ‖A‖. Then Ar(t) is supported on Br(X). Since
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Uτt(A)U
† = τt(A) + U [τt(A), U
†], we have ‖τt(A)−A
r(t)‖ ≤
∫
dU
∥∥[U †, τt(A)]∥∥.
Applying the Lieb-Robinson bound gives us the desired approximate locality. This
procedure can in fact be performed in an infinite system as well (see [12]). The
readers can also refer to [3] and [10] for more details about the Lieb-Robinson
bound.
We note a more elementary ”infinitesimal” version of the Lieb-Robinson bound
which states that in a lattice system satisfying (15) if a local observable B is
supported on a finite set Y , then
B˜ =
dτt(B)
dt
∣∣∣∣
t=0
= i
∑
Z∩Y 6=∅
[Φ(Z), B] (18)
is approximately localized on Y with exponential accuracy. More precisely, there
is a µ′ > 0 and a C > 0 (the same for all B and Y ) such that for any r > 0 there
is a local observable B˜r supported on Br(Y ) which satisfies
||B˜r − B˜|| ≤ C||B||e−µ
′r (19)
for some positive µ′. This easily follows from Lemma A.1 in [12].
4 Proof of Main Result
To accommodate all cases, we are quite flexible with the notations. When trans-
lation is defined, all observables are implicitly translated appropriately so that
the spatial distance is l. Without translation, we work uniformly with all pairs
observables l apart with certain norms and sizes of supports. In particular, A and
B are variables.
By earlier assumptions about the one-parameter group of automporhisms τ ,
f(z) := φ(Aτz(B)) is entirely analytic with respect to z. The KMS condition
implies that φ is invariant under the automorphisms τ [6]. Thus,
φ(τ−ib(A)B) = φ(e
bHAe−bHB) = φ(Aτib(B)) = f(ib). (20)
In addition, the KMS condition also implies
f(x+ iβ) = φ(Aτx+iβ(B)) = φ(τx(B)A). (21)
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At positive temperature β is finite, so the interval [0, β] is compact. Then it is
sufficient to establish a uniform decay for the integrand. Already at the end points
b = 0 or β, the integrand becomes φ(AB) and φ(τ−iβ(A)B) = φ(BA), respectively.
As such the decay rate follows trivially from that of the ordinary correlation.
Therefore, we focus on finding the decay rate of |φ(τ−ib(A)B) − φ(A)φ(B)| for
0 < b < β.
x = Re(z)
y = Im(z)
iβ
TO−T
4.1 Contour Integration
Let w(z) be an meromorphic function that is bounded and without poles on the
strip Imz ∈ [0, β]. An example is w(z) = e−z
2
. We integrate the function f(z)w(z)z−ib
along the contour ΓT shown on the figure above. By the residue theorem,
2πif(ib)w(ib) =
∫
ΓT
f(z)w(z)
(z − ib)
dz
=
∫ T
−T
f(t)w(t)
t− ib
dx+
∫ β
0
f(T + iy)w(T + iy)
T + iy − ib
dy
−
∫ T
−T
f(t+ iβ)w(t+ iβ)
t+ iβ − ib
dt−
∫ β
0
f(−T + iy)w(−T + iy)
−T + iy − ib
dy.
(22)
Since we have fixed b for now, we normalize w so that w(ib) = 1. f(z) and w(z)
are bounded on Imz ∈ [0, β] [6]. Therefore, 2nd and 4th terms vanish as T → ∞
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and we end up with
f(ib) =
1
2πi
(∫ ∞
−∞
f(t)w(t)
t− ib
dt−
∫ ∞
−∞
f(t+ iβ)w(t+ iβ)
t+ iβ − ib
dt
)
=
1
2πi
∫ ∞
−∞
w(t)f(t)(t + iβ − ib)− w(t+ iβ)f(t+ iβ)(t− ib)
(t− ib)(t+ iβ − ib)
dt
=
1
2πi
∫ ∞
−∞
w(t + iβ)(f(t)− f(t+ iβ))
t+ iβ − ib
dt
+
1
2πi
∫ ∞
−∞
w(t)f(t)iβ + (w(t) − w(t + iβ))f(t)(t− ib)
(t− ib)(t+ iβ − ib)
dt
=
1
2πi
∫ ∞
−∞
w(t + iβ)φ([A, τt(B)])
t+ iβ − ib
dt
+
1
2πi
∫ ∞
−∞
w(t)f(t)iβ + (w(t) − w(t + iβ))f(t)(t− ib)
(t− ib)(t+ iβ − ib)
dt, (23)
where in the last equality we used the fact f(t+ iβ) = φ(τt(B)A). If we substitute
A = I, the above identity reduces to
1
2πi
∫ ∞
−∞
w(t)φ(B)iβ + (w(t) − w(t+ iβ))φ(B)(t − ib)
(t− ib)(t+ iβ − ib)
dt = φ(B), (24)
or
1
2πi
∫ ∞
−∞
w(t)iβ + (w(t) − w(t+ iβ))(t− ib)
(t− ib)(t+ iβ − ib)
dt = 1, (25)
This identity can be proven directly using the residue theorem bearing in mind
that w(ib) = 1. With this identity we write
φ(ebHAe−bHB)− φ(A)φ(B)
=
1
2πi
∫ ∞
−∞
w(t+ iβ)φ([A, τt(B)])
t+ iβ − ib
dt
+
1
2πi
∫ ∞
−∞
w(t)(f(t) − φ(A)φ(B))iβ + (w(t) − w(t+ iβ))(f(t)− φ(A)φ(B))(t − ib)
(t− ib)(t+ iβ − ib)
dt
=
1
2πi
∫ ∞
−∞
w(t+ iβ)φ([A, τt(B)])
t+ iβ − ib
dt
+
1
2πi
∫ ∞
−∞
〈A, τt(B)〉φ(w(t)iβ + (w(t) − w(t + iβ))(t− ib))
(t− ib)(t+ iβ − ib)
dt. (26)
Therefore,
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2π|φ(ebHAe−bHB)− φ(A)φ(B)|
≤
∣∣∣∣
∫ ∞
−∞
w(t + iβ)φ([A, τt(B)])
t+ iβ − ib
dt
∣∣∣∣
+
∣∣∣∣
∫ ∞
−∞
〈A, τt(B)〉φw(t)
(t− ib)
dt
∣∣∣∣
+
∣∣∣∣
∫ ∞
−∞
〈A, τt(B)〉φw(t+ iβ)
(t+ iβ − ib)
dt
∣∣∣∣. (27)
The strategy forward is to obtain bounds for all three terms using an intelligent
choice of w and the various correlation decay conditions in the cases listed earlier.
Through the bounds, some terms are shown to decay exponentially with l while
others decay at rates comparable to g(l), the decay rate of ordinary correlation.
Thus the overall decay rate is the slower of the two. This explains the slight
difference results in the theorems depending on whether g(l) is subexponential or
not. Special care is taken to make sure any boundes we obtain do not blow up for
any 0 ≤ b ≤ β. Then we are only an integral away from bounding the canonical
correlation. The integral is not going to change any decay rate we obtain since it
is over a finite interval [0, β]. As such, this approach would not be adaptable for
zero temperature.
4.2 First Term
The first term is treated in the same way in all three cases we consider.
∣∣∣∣
∫ ∞
−∞
w(t+ iβ)φ([A, τt(B)])
t+ iβ − ib
dt
∣∣∣∣
≤
∫ µl/2v
−µl/2v
|w(t+ iβ)| ‖[A, τt(B)]‖
|t+ iβ − ib|
dt
+
∫
|t|>µl/2v
|w(t + iβ)| ‖[A, τt(B)]‖
|t+ iβ − ib|
dt
≤
∫ µl/2v
−µl/2v
|w(t+ iβ)| ‖[A, τt(B)]‖
|t|
dt
+ 2 ‖A‖ ‖B‖
∫
|t|>µl/2v
|w(t+ iβ)|
|t|
dt (28)
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Finally we let w(z) = e−z
2−b2 . We then use approximate locality or the inequality
(16) to show that the first integral decays exponentially with l the distance between
the support of A and B.
eβ
2−b2
∫ µl/2v
−µl/2v
‖[A, τt(B)]‖
|t|
e−t
2
dt
≤4 ‖A‖ ‖B‖ |X |eβ
2−µl
∫ µl/2v
0
evt − 1
t
e−t
2
dt
≤4 ‖A‖ ‖B‖ |X |eβ
2−µl
(∫ 1
0
evt − 1
t
e−t
2
dt+
∫ µl/2v
1
evtdt
)
=4 ‖A‖ ‖B‖ |X |eβ
2−µl
(∫ 1
0
evt − 1
t
e−t
2
dt+
eµl/2
v
+
ev
v
)
. (29)
The integral in the last line is finite, though difficult to evaluate. As l → ∞, the
expression decays exponentially.
The second integral becomes
2 ‖A‖ ‖B‖
∫
|t|>µl/2v
eβ
2−b2−t2
|t|
dt (30)
≤2 ‖A‖ ‖B‖
∫
|t|>µl/2v
eβ
2−t2
|t|
dt. (31)
It clearly decays exponentially as l → ∞. Therefore, we conclude that the first
term decays exponentially as l →∞. This decay is also independent of 0 < b < β.
4.3 Second and Third Terms
These terms yield to the same technique, so we only treat the second term in
detail.
∣∣∣∣
∫ ∞
−∞
〈A, τt(B)〉φw(t)
t− ib
dt
∣∣∣∣
≤
∣∣∣∣
∫ µl/2v
−µl/2v
〈A, τt(B)〉φw(t)
t− ib
dt
∣∣∣∣
+ 2 ‖A‖ ‖B‖
∫
|t|>µl/2v
|w(t)|
|t|
dt. (32)
We have used the simple bound |〈A, τt(B)〉φ| = |φ(Aτt(B))−φ(A)φ(B)| ≤ ‖Aτt(B)‖+
‖A‖ ‖B‖ ≤ 2 ‖A‖ ‖B‖ . Here, we again see that t ∈ R is crucial as it ensures the
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unitarity of τt.
Let w(z) = e−z
2−b2 , then the second integral clearly decays exponentially with
respect to l.
Suppose eq. (6) is fulfilled. Applying it to the first integral, we get
∣∣∣∣
∫ µl/2v
−µl/2v
w(t)
t− ib
〈A, τt(B)〉φdt
∣∣∣∣ (33)
≤C(A0, B0) ‖A0‖ ‖B0‖ g(l− v|t|/µ)
∣∣∣∣
∫ µl/2v
−µl/2v
w(t)
t− ib
dt
∣∣∣∣. (34)
Let w(t) = e−t
2−b2 , then the integral
∣∣∣∣
∫ µl/2v
−µl/2v
e−t
2−b2
t− ib
dt
∣∣∣∣ =
∣∣∣∣
∫ µl/2v
0
e−t
2−b2
t− ib
+
e−t
2−b2
−t− ib
dt
∣∣∣∣ ≤
∣∣∣∣
∫ ∞
0
2ibe−t
2−b2
t2 + b2
dt
∣∣∣∣
(35)
is bounded. The bound is actually independent of 0 < b < β. Also, since−µl/2v <
t < µl/2v, we have l/2 < l − v|t|/µ < l. Thus, with a modified constant, we see
that the whole term is bounded by a function with the same decay rate as g as l
goes to infinity.
The third term
∣∣∣∣
∫ ∞
−∞
〈A, τt(B)〉φw(t+ iβ)
t+ iβ − ib
dt
∣∣∣∣
≤
∣∣∣∣
∫ µl/2v
−µl/2v
〈A, τt(B)〉φw(t+ iβ)
t+ iβ − ib
dt
∣∣∣∣
+ 2 ‖A‖ ‖B‖
∫
|t|>µl/2v
|w(t+ iβ)|
|t|
dt. (36)
is bounded in a similar way. Thus we have shown that if eq. (6) holds, all
terms decay either exponentially or at the same rate as g, whichever is slower.
Integrating over the finite interval b ∈ [0, β], we obtain the desired bound (5) of
the canonical correlation. This concludes the proof of Theorem 1.
The rest of the section is dedicated to the proofs of Theorem 2 and Theorem
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3. By approximate locality, B3l/4(t) is a local approximation to τt(B). Therefore
∣∣∣∣
∫ µl/2v
−µl/2v
w(t)
t− ib
〈A, τt(B)〉φdt
∣∣∣∣
=
∣∣∣∣
∫ µl/2v
−µl/2v
w(t)
t− ib
(
〈A,B3l/4(t)〉φ + φ(A(τt(B)− B
3l/4(t))) − φ(A)φ((τt(B)−B
3l/4(t)))
)
dt
∣∣∣∣
≤
∣∣∣∣
∫ µl/2v
−µl/2v
w(t)
t− ib
〈A,B3l/4(t)〉φdt
∣∣∣∣+ 2 ‖A‖
∫ µl/2v
−µl/2v
|w(t)|
|t− ib|
∥∥∥τt(B)−B3l/4(t)
∥∥∥ dt.
(37)
Let w(z) = e−z
2−b2 and then apply the approximate locality assumption,
∫ µl/2v
−µl/2v
|w(t)|
|t− ib|
∥∥∥τt(B)−B3l/4(t)
∥∥∥ dt
≤
∫ µl/2v
−µl/2v
e−t
2
|t|
∥∥∥τt(B)−B3l/4(t)
∥∥∥ dt
≤2CBe
−3µl/2
∫ µl/2v
0
evt − 1
t
e−t
2
dt
≤2CBe
−3µl/2
(∫ 1
0
evt − 1
t
e−t
2
dt+
eµl/2
v
+
ev
v
)
. (38)
The whole expression decays exponentially as l goes to infinity.
We are now left with
∣∣∣∣
∫ µl/2v
−µl/2v
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φdt
∣∣∣∣ (39)
whose decay rate depends on that of ordinary correlation functions.
If we assume uniform decay (7) or (8), then we have
|〈A,B3l/4(t)〉φ| ≤ C ‖A‖ ‖B‖ g(l/4) (40)
or
|〈A,B3l/4(t)〉φ| ≤ Cmin{∂ΦX, ∂ΦY } ‖A‖ ‖B‖ g(l/4), (41)
respectively. This is because
∥∥B3l/4(t)∥∥ = ‖B‖, and even thought the support of
B3l/4(t) grows, the support of A does not change.
On the other hand, if ordinary correlation functions satisfy (11), we have an
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estimate
|〈A,B3l/4(t)〉φ| ≤ C|X ||B
3l/4(Y )| ‖A‖ ‖B‖ g(l/4) = C|X ||Y | ‖A‖ ‖B‖ g′(l/4).
(42)
Here B3l/4(Y ) = {x ∈ Γ|d(x, Y ) ≤ 3l/4}. For a lattice model, |B3l/4(Y )| grows
polynomially with l. If g(l) decays exponentially with l (resp. faster than any
power of l), then g′(l) also decays exponentially (resp. faster than any power).
Now we pick an ǫ > 0 and estimate
∣∣∣∣
∫ µl/2v
−µl/2v
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φdt
∣∣∣∣
=
∣∣∣∣
∫ µl/2v
0
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φ −
e−t
2−b2
t+ ib
〈A,B3l/4(−t)〉φdt
∣∣∣∣
≤
∣∣∣∣
∫ ǫ
0
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φ −
e−t
2−b2
t+ ib
〈A,B3l/4(−t)〉φdt
∣∣∣∣
+
∣∣∣∣
∫ µl/2v
ǫ
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φ −
e−t
2−b2
t+ ib
〈A,B3l/4(−t)〉φdt
∣∣∣∣
≤
∣∣∣∣
∫ ǫ
0
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φ −
e−t
2−b2
t+ ib
〈A,B3l/4(−t)〉φdt
∣∣∣∣
+
∫ ∞
ǫ
e−t
2
t
|〈A,B3l/4(t)〉φ|+
e−t
2
t
|〈A,B3l/4(−t)〉φ|dt. (43)
To get the desired decay of the last term in eq. (43), in each case we apply (40),
(41) or (42) to |〈A,B3l/4(t)〉φ| as well as to |〈A,B
3l/4(−t)〉φ|. Then note
∫∞
ǫ
e−t
2
t dt
is a finite constant for a fixed ǫ. Finally, it remains to tackle the integral
∣∣∣∣
∫ ǫ
0
e−t
2−b2
t− ib
〈A,B3l/4(t)〉φ −
e−t
2−b2
t+ ib
〈A,B3l/4(−t)〉φdt
∣∣∣∣
≤
∫ ǫ
0
e−t
2−b2 |〈A,B
3l/4(t)〉φ(t+ ib)− 〈A,B
3l/4(−t)〉φ(t− ib)|
t2 + b2
dt
≤
∫ ǫ
0
|〈A,B3l/4(t)〉φ|b+ |〈A,B
3l/4(−t)〉φ|b
t2 + b2
dt
+
∫ ǫ
0
t|〈A,B3l/4(t)〉φ − 〈A,B
3l/4(−t)〉φ|
t2 + b2
dt (44)
In the first term, apply (40), (41) or (42) again while noting that the remain-
ing integral
∫ ǫ
0
b
t2+b2 dt gives arctan(ǫ/b) which is bounded for any b. To es-
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timate the second term, first note that if we Taylor expand the numerator of
t|〈A,B3l/4(t)〉φ−〈A,B
3l/4(−t)〉φ|
t2+b2 around 0, we get
t|〈A,B3l/4(t)〉φ − 〈A,B
3l/4(−t)〉φ| = O(t
2). (45)
This cancels with the quadratic term in the denominator and ensures that the
integral would not blow up as b→ 0.
∫ ǫ
0
t|〈A,B3l/4(t)〉φ − 〈A,B
3l/4(−t)〉φ|
t2 + b2
dt
≤
∫ ǫ
0
|〈A,B3l/4(t)〉φ − 〈A,B
3l/4(−t)〉φ|
t
dt (46)
≤4ǫ sup
−ǫ<t<ǫ
∣∣ d
dt′
∣∣∣∣
t′=t
〈A,B3l/4(t′)〉φ
∣∣ = 4ǫ sup
−ǫ<t<ǫ
∣∣〈A, dB3l/4(t′)
dt′
∣∣∣∣
t′=t
〉φ
∣∣, (47)
where the inequality follows from the mean value theorem. Since B3l/4(t′) is
supported on B3l/4(Y ) for all t′, the support of dB
3l/4(t′)
dt′
∣∣
t′=t
is also contained in
B3l/4(Y ). By (17),
∥∥∥∥dB
3l/4(t′)
dt′
∣∣
t′=t
∥∥∥∥ =
∥∥∥∥
∫
dUU
d
dt′
∣∣∣∣
t′=0
τt+t′(B)U
†
∥∥∥∥ =
∥∥∥∥∥
∑
Z⊂Γ
[Φ(Z), τt(B)]
∥∥∥∥∥ (48)
≤
∥∥∥∥∥∥
∑
Z∩Y 6=∅
[Φ(Z), τt(B)]
∥∥∥∥∥∥+
∥∥∥∥∥
∑
Z∩Y=∅
[Φ(Z), τt(B)]
∥∥∥∥∥ . (49)
We bound the former term using (15),
∥∥∥∥∥∥
∑
Z∩Y 6=∅
[Φ(Z), τt(B)]
∥∥∥∥∥∥ ≤ 2 ‖B‖
∑
Z∩Y 6=∅
‖Φ(Z)‖ ≤ v|Y | ‖B‖ . (50)
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As for the latter, apply (16) and then (15)
∥∥∥∥∥
∑
Z∩Y=∅
[Φ(Z), τt(B)]
∥∥∥∥∥
≤
∑
Z∩Y=∅
‖[Φ(Z), τt(B)]‖
≤
∑
Z∩Y=∅
2 ‖Φ(Z)‖ ‖B‖ |Z|e−µd(Z,Y )(ev|t| − 1)
≤2 ‖B‖ (eµǫ − 1)
∑
Z∩Y=∅
‖Φ(Z)‖ |Z|e−µd(Z,Y )
≤2 ‖B‖ (eµǫ − 1)
∞∑
r=1
e−µr
∑
d(z,Y )∈(r−1,r]
∑
Z∋z
‖Φ(Z)‖ |Z|
≤v ‖B‖ (eµǫ − 1)
∞∑
r=1
e−µrD(r), (51)
where |t| < ǫ and D(r) := #{z ∈ Γ : d(z, Y ) ∈ (r − 1, r]}. Clearly, D(r) grows
polynomially with repsect to r, so
∑∞
r=1 e
−µrD(r) is bounded by a constant lin-
early dependent on D(1). As Y is assumed to be a ball, D(1), which reflects the
size of boundary of Y , is dominated by |Y |. Overall,
∥∥∥∥dB
3l/4(t′)
dt′
∣∣
t′=t
∥∥∥∥ < C(µ, v, ǫ) ‖B‖ |Y |. (52)
Then we apply (7), (8) or (11) to
∣∣〈A, dB3l/4(t′)dt′ ∣∣t′=t〉φ
∣∣ in the respective cases.
This gives us the same bounds except with an additional factor of |Y | coming
from (52). Furthermore, the canonical correlation is symmetric, so if we swap A
and B from the very beginning, we get the same overall bound except an additional
factor of |X | instead of |Y |. Thus, we can really replace that additional factor
with min{|X |, |Y |}. This explains the slightly modified bounds of the canonical
correlation in theorems 2 and 3.
As mentioned, the procedure for bounding the third term is entirely similar.
5 Discussion
In the present paper, we focus on systems in thermodynamic equilibrium at pos-
itive temperature (including infinite temperature). We obtained bounds on the
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decay rate of the canonical correlation in situations where the ordinary correlation
decays exponentially or by a power. For gapped systems at zero temperature, it is
well known that the ordinary correlation function decays exponentially [7, 8]. One
can show that for such systems Kubo’s canonical correlation decays faster than
any power of the distance [11]. On the other hand, for gapless systems at zero
temperature the ordinary correlation function usually decays as a power, while
Kubo’s canonical correlation is not even defined. Indeed, at zero temperature and
normalizing the ground state energy to be zero, it takes the form [11]:
〈〈A;B〉〉 =
〈
Ω, (A− 〈A〉)
1
H
(B − 〈B〉)Ω
〉
, (53)
where Ω is the ground state. If there is no spectral gap, 1/H is an unbounded op-
erator, which means that the above expression is not defined for general bounded
local observables A,B. This is in stark contrast with the situation at positive
temperature, where Kubo’s canonical correlation is always well-defined.
At positive temperature, our result shows that certain decay conditions for
ordinary correlations force the canonical correlation to decay in a comparable
fashion. The conditions we listed are by no means exhaustive, and we believe
the strategy of our proof can be adapted for many other situations. On the
other hand, if the assumptions of Theorems 1 or 2 are not satisfied, our results
permit the canonical correlation to decays much slower than any ordinary cor-
relation function. For example, consider a d-dimensional lattice system, d > 2,
at criticality. It is usually assumed that ordinary correlations are described by
a reflection-positive Euclidean Conformal Field Theory, in which case all ordi-
nary correlation functions decay at least as l−(d−2). It is conceivable that some
canonical correlation has a power-like decay which is slower. Since classically the
two correlations coincide, this would be a smoking-gun signature for quantum
criticality at positive temperature.
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